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Arnold Court, Rohrt R. h a d ,  and Gerald E. A b r W  

~ifiee of *IYJ ~ c ~ r  Sctant lat  
tookhaxUal3.f ornia  CO e 

Burbank, 2al l f .  

1. Introduction 

kthcmatjcal repretenation of tF.e v o d l c d  prof i le  of wind is 

deBfrable for ra'zny purpoma, and eEaentlal f o r  tho ri3omus comptwiapn 

of pr-f i les  and the prodiction of profiloB by a t a t i s t i c a l  r q m s s i o n  

techniques. %cause wind b a tw-dim3naiond vector (nsglocting tha 

vertical  ~mtponent, which EQ at l e a s t  u1 o r d w  of mngnitudo r a f l e r  

than the horizontal conpanentr,), the vertical profile of the h e t a n -  

tantous wind i a  a curve In three-dbmsional space. The grapMcd and 

rnalyt icd difficultier; I n  doscribing such a C u m 0  havo t h e  far pre- 

ventad any s p t m a t i c  description of cmpla5e \rind profilaa, 

report, various possible moth& of represontation m e  cccplorod, and 

I n  thin . 

one of thea, l a i n &  

Application of the 

ccnplex Fourier series, is d e w l o p d  in d0td.l .  

method, md i t s  evaluation, W i l l  be the subject8 of- 

. .  

2, Professor of Mathematica, U .  S: N& Poctgrn&lnte School, McmfXrq, 

and consultant to tb Lockh3ed-Cdifcrnia Co. 
' 

. .  
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with man January winds f o r  Cap Canatnral, Florida, are8 

a. Each cornpnant,6aparately, v8. bight; 

b. S p e d  and direction, separately, 5.8. b i g h t ;  

C. Woc i ty  hodograph. 

do Position hodogrcph. 

Thar f i r o t  two raethods requim amtol &&tion of values I r a  the two l inoa  

t o  g i r s  a p l c t m  of tho actual wind voctor, and i t a  changoc. Thio difficulty 

is did..natod i n  fihe hodographo, I n  a c h  tho vertical dbenoion (or t k . 3 )  ;Lo 

lndicatod only by aucces8ivo pinta along the path. 

A heograpli i a  a curPo connsctinp t he  end-pinta of aucccmive n c t o r o ,  

dra-an froa a cOCLfOn origin. Thu vactcrn nay b succaosive in height, to rapre- 

sent the wind p r o f i b ,  or in tbo, to ehow tb t h e  variation of wind. 

fonner application is used here, but the mathmatical fornulat ion i s  equally 

Tzrs 

amucable to the ti-.e serioa ~ ~ 3 8 .  Tho V a C t o r B  my reproscnt the actual 

wind-vcloclty at each 10~1, or t h y  nay =prawn% the integral of tho m l o c i t y ,  

which #ma the posiuon of an objsct, such as a balloon, riain& wi%h constant 

aped  through tha wind f i e l d .  

pilot b l l o c n  trttjectorg i s  a position hodqpaph of tho vertical wind profilo, 

wX1e tho e ldlarg  t ra$ectory  of E c o n a t ~ ~ t - l 8 v d  b d l o o n  is a r x a  pooiticn 
PmPM 

hodograph of the t ine  variation of windc A pt&tAcn hodogrqh c m  b g ? 2 3  

fruin wind velocity hfomat lcn  by p l o t t i n g  thz EUCC.J~E~VB vectors additively 

rather than fro- P corczon o r l g b *  

'ha u a d  plotting-board Npmsontatian af a 

c 
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Hodop-apha a p s a r  ntorc suitaSle for natkenatl c a l  r e p x r t a t e t l c n  of 

the v e r t i c a  h-ind p r c f i l e  t h a  separate reprezentaticns by cci;p&nts,  

by speed and direct ion.  But cl.oLce tctween the t w  h o d q r q h s ,  velocity 

and position, is more difficult. Pcrtumtely,  the corpFdtational proce- 

dures of f i t t i n g  8 function to observations are tho 8me for e i the r  t y p  

of hodoproph, S h C 8  t t a  p u q m e  is  Rarely to o b t d n  an p l y t i c  function 

d e ~ ~ r l b i n g  the  CUNB. 

or 

- 

men posi5ons  actually are n e a s u e d  (as j n  nost 'metenrologfcd o b s r -  

t-rtions using  h1locn6,  r l s j n E  or fa l l ing ) ,  t k  position kodograph 8 h O G l d  

be f i t ted.  One differentiation of  t h e  f i t t e d  h c t i o o .  .ten will give +ke 

velod ty hcdogrqk functton, 3rd k scccnd dif fsrcctqzt icn t b  ~5 nd sku-# 

ddch i s  cf ccnslderabh Imprtance. 

t5on js obtained fron f i n i t 3  Cifferencetr of ballcon positions, u.d shears 

frm f i n i t e  difference:, o f  tkese ccmpted valoci t ies ,  i.6. by snoothod 

second dif ferencee of the basic cbelrvations. 

Attxally, nost  r mtirie vLad i n fo rm-  

1 

. .  

When wind velocities a?* obtained di rec t ly ,  as by 6ow.d ran&n&, th 

velccitjr ho.loCraph should be f i t t ed .  h e  di f fe ren t ia t ion  +,hen will y i e l d .  

a h w e ,  w h i l e  integration g i w s  t b  positions t o  which they apply. Such 

poeitional information i s  needed fcr s h d i e s  of the txa:ectcries of f a l l i n g  

i . o r  s\;sp.nded cabJecta, such as radioactive f a l l o u t  o r  toxic pollu-.ts. 

- ~ n j r  nr&alamaticdl f incec ln  m e d  t o  approxiTate d bodcgrclph .mst be con- 

Cince the  hodo-- tinu;;:s and have ccntinuous first axd secorid derivatives. 

graph.is a vector-valued function z(h) h 8 i n  pat- 

tdce represmtat ion bj cc.c,nonents i a  more cofivenient, Compcctnssa of repre- 

aentatiw and relative ease of manipulation mekb the complex forn, 

of  a scalar argument, - 
',Id 

. 

dh) + i y(h) 8 

- sui ted far an a t tenpt  a t  developing &? expressioa for e ( h ) .  
I - . .  

- /  I 
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. 3. Furz t ions  

Selectlor, of a msthemntical function to a - q r c x b a a  t h e .  vertical wind 

profi le ,  as popresented by its positi.cn o r  vdocity hodocraph, mst bc 

cased 1 ; r rp ly  on convenience and g e n e r a  suitat i l i ty ,  ificluding possh:oalon 

yetinad@cl\;ate t o  provide a dsfinitivo funcucnal  form, except for Certain 

In t1,e lcwcmcst 10 maters of tha a+snos;i'.ere, air flow increase2 . 

t o  fit available observations: 
4 1. . 1 

taw . (3.1) 

uh e m  E is the ed& stress , q the density, k von Kamm.'s constant ,  

expontnt.lal p rof i le  seems more appropriate f 

(3.2) 

For s everal hundred rceters nbcve this boundary layer, uind increases 

in speed with  heSght, and turns clockAse, i n  the northern haisghere, 

generally according tc t h e  E!-!-an spiral. A t  about the 10  meter l e v s l ,  the 

'7 : 



Hsre 2 i r s  tho nagnitcdo of the geostropic h d ,  3lltxh-q a t  an =la 

d (in "athcmatictiinotation) to the pocitit-o x-axis, and zt is a func- 

t i o n  of density, coriolia force, and a- v i s c o ~ i t y .  Actual winds do 

follow this +%an spiral when the upper wind f l o w  .La otraight o r  ow 

slightly curved, and the  l o w n c s t  Mlmator  of air hGs not appreciable 

horizontal  gradicrnta oft c*Ypcratum. 

g 

Abow the apirc;l layer, wind Speed generally increaaco u i t h  b i g h t  

up to the l eve l  o f  naxinum w h d ,  w h l c h  ~; l r~,d ly  o c c w s  s l i g h t l y  belou the  

tropopause a t  10 t o  12 h. Of'zn the increasa in 8peed with  height is at 

a b e t  the 6me ratt  as t h e  decrease o f  dentiy with height, so that &tu-n 

5 and 10 h c-223 lasr" s t a b s  that the momonturn is c o n s t a t .  A jus- 

t i f i c a u o n  of th ia  cnpirical n:le, dadiced from cloud and pilo$ balloon 

observations 70 ysms ago by C-n i n  Hassachusettc and Egnea  i n  

France, vd8 ofrersd by h p h ~ ~ ? y s  (1929, pp. 135-136), 

-\ 

c 

q s 3 n  ' 8  

Above t,h m - a x l m  ulnd layer, wind speed &cremes uith keight to a 

m ~ n l i i ,  on the  alroree, a t  22 t o  25 kn, but no l a w  or rule describing 

t M 6  decrease, or the acc.o;ilpanying change in direction, has yet  appeared, 

-8,  U h i l o  acme theoAtical fomulations am svailablo f o r  u h d  bohovior i 

5.n the ban- and spiral 18jter3, fau guldolines can be found f o r  the . 

form of a fract ion to describe the wir,d profi1.e ebve  1 kn. 



Xi0mi8k1,  'one for each coqxmentt 

yh,n - \hk 

whom m and n are the n t n b r r  of tam ntquimd for so t i s fac toq  fit 

or qp-eemnt of tb p l y n o d a l  with tb obervations, 

be deteainad by the varienca (mnr~ 3quarod difference) 02 tha observations 

abaut tha polpoalale, 

Agrowiant would 

Tho absolute or unconditional variances am, ma- 



zay ba nor0 offectiva Lk- a 1oL-r om,  

chosen not in okiple or&r, but eccording to tho mount  O f  V8118I1ce -0 

ductdon that thay provido$A mom sff'kcient polynozial, in tha sense 

of havhg fmrsr t ens ,  would b forzed fma thooa tcms, regardloee of 

their orpnents, providing the groatest reduction in variance, or highsat 

, correlation, T b  V(uloua terns, 4~ hk # Bhould b arranged according t o  

their c c n t r i h t i o n  to the vaa-lmco reduction. Goof-ciciento on%red i n  

Such polponiah would provida ouitably e f f i c iont  procodi~ma for , 
? 
I rsprossnting 'oach of the componmts sopcsattsly. 

tatwean the cmponsntjj t h y  no not apply to the wind vector itaslf, h%zn 

rcssulto obtc$md by two &h polynozdala are combined to provlcb 0 ' 3 t b ~ t e g  

But thsy offor  no lib& 

. 
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4 2. 

Ths 8- objections q p l y  to the fittin& of a conflex Ve.r i€ ib lO by,a 

singla p w 3 r  series with cmplcx coefficionbt 
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Sectlona, =re fit'cod t o  tu0 s o b  of wind dah to &tennine whsthsr the 

method shoxad sufficient p r d a e  to arrant furthcr btudy and & m l o p n t .  

Resulta of such application, presentsd in this Soctlon, a m  @tO encoura- 

g i n e ,  

One 80% of uind  data nss cmposed of Irontkly wan windti, at l-bp 

Lavela, over Caps Cenavaral, Floxdlda  ow Capo Kmnedy), They a m  based 

on 5 pars of observation8 ( the  f irs t  321 &ye uore a t  nearby Patrick Air 

Force Ease), 1956-1961. Basing obsmvatlona had been interpolated bofom 

averaging, 80 that sample 8Ize8 mm the em0 at all levels. %se data 

t f l -  y, were fumlahed by Hr. -el E, b%th of the Aero-estrodynamica Laboratoxy, 

George C. Harshall Space €light b n t e r ,  i n  ~ctvcnco of pubUcation. 
--. 

The other a e t  WGS m o d o  up of fmr consecutive oboelrratioria, a t  6-hour 

i n b r v a l s ,  o w r  Mo.?tgmery, A l a k a ,  011 9 January 1956. 

first four comacutlve aouding8, each reachlng t o  a t  l o a t  25 ha, i n  M 

These n r a  tho 

sxtendve o o n p l h t l m  of rrinter and 8)u~lfi~r aoundings furnished by ti% 

National Weather Racords Cmtor, U. S. Woatbr Bureau, at H r .  b i t h ' o  

request. T h d m  sowdings aloo contained data on .ataosphedc domity, m 

that  momentum density as wall as wind a p a d  could b f i t t e d  by aupanted 

Fourier polynonialrl. (Units of  ror-3ntm cbwi ty ,  the product of uind 

.speed and atmospheric density, a m  dynes p r  L~~IZICJ contmtar . )  

These two B e t a  a f  data p r o d d a d  a total of 20 maoud5nga,H aacb; 

aoundhg baing 8 s o t  of vdues of 5, for auccosoive d u e s  of h 
f O f  those, '12 w8m wnthly weans for Cap C a n a v e r a l ,  four ware mccosoive 

wind observations 0% P(ontgozsry, and f o w  were th3 COfieSpondLng uomntua 
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The superscript ngn Incticatas that  t h e  value3 c f  4,,x a ObtaiMpd 

Irm (7.l.1, and fm Table 1 generally., are f o r  "standardizedn t ~ d u e 8 ~  

They must k m l t l p l l s d  by th atmcfard &viation8 of the wind C G T ~ ~ C ~ I C S  

are tha appmpriate Iota1 to glve baluea apprcximating the  oboermd I M G ~ ~  

For exmpb, evaluation of (7.1) for k10, toe .  12 kn, gins 2,Ll 

+ 0,226 I . When eachof these values i e  nultipliod by the standard devlr- 

Um:of the cormqpncUng wlnd ccraponont at 12 km aver Cop Canaveral In 

January, 16.% end U.24 m/tmc, respectivol+y, ostiraated uind speeds are 

obtalncd which may be compared u i t h  the observed new81 

Estimat9d xi,, 38055 y10 = 3.22 

Ohservod tL.% 3.26 

In Fig ,  2, five hodographs m e  shown for  the mean Jnnuaq- winds c v e i  

. cape ~8naverd. ,  

mans, 

&2g t h e  a p e d  a t  each lev81 by it8 standard &viation, and expmashg . 

the r e s u l t  as a departure froa the least-quam8 plane. 

bdograph is centered at t h e  origtn,  and is in units mch maller than 

those of the o r i g i n a l  v j l u e ~ .  

&I the upper panel, one hodograph &pieta the actual 

aeeters per second, M l o  a second one aho-vs the eff, O C t  of avi- 

The "tro;ldn 

The luiir pan01 of Fig. 2 shorn threa hodographs, conputed by Fourier 

polynomials, not augxented, i.0. ~ 1 3  vsriatlono about tho leaot- quam ma 

plsm. The wono-tamm hofagraph io a &zAo, mpresenting only t b  j=23 

tern, wicthout the pmcoding constant and l i n e a r  terns or the final three 

terna. 

j Z 1  t,srins in (7.1), without the constant and linear tons or the f i n a  

tuo t,%ms. The "four tern" hodograph presents reaults of using all tgnsra 

of (7.1) except the  constant and linear. 

. 

The "tuo-tzm" hodogrqh rcproaento computation of the 323 and 

t 
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%om aa doto i n  tha  loweir m e 1  of Fig. 2 a m  ths s & ~  p h t c ,  

,Cor each 1- level, a8 in the ” t m d  renovad” hodogroph o f  octuul  

windsin the upper w o l m  The thin l i n e s  fma these dots +a tho “four 

-_ . -  
. \-. - 

tern” curve indicate the extent of tbe  mctor differace betueen the 

observed mean Kip.&, a t  each level, and the valves computed frm (7.1). 

Tha sum of t h o  aquares of the lengths cf thoae t h in  lines is the S 

Of (6,318 for HE h 

2 
ea q,” 

For the individual soundingc 3v0r Kontgormry, no estimatea of 

wind variance a t  each level ware readily available. 

values were assuined to have the s a  vari.mca, and 110 ad.justr;ants were 

a&. 

appropriate f o m l a ,  give eatirnatsd winds direct ly  in aetors par 

The observed 

Thus the coef f ic ients  i n  Table 2 ,  &an introducod i n t o  tho . 

M C O n d m  
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8. MSCU~G~OII  

Vn&r erzch p i r  of cozffirients in Trrbla3 1 a d  2 a m  t w o  addi- 

t i o n a l  entrioo: ths value of the i n h  5 

of r2 8 the m ~ t i p e  mdcction i n  variance (L,L) attmined by using 

for that  pair, and the value 

that tans, aad a l l  prccod?ng cmas, fn the auponted Fowler f?olyno&d. 

For the, Cop Canovoral z:bz?n Eonthly wind profiloo, th constant 

and linear tarma alone reduce tha varichco by 80 5 in W s r ,  but hardy 

at d.1 in,Noveabr and D S c c h r .  

85 % or mx% i n  dl mntho, lndlcating t ha t  augnantad Fourier p 0 ~ 0 d a b  

Two additional tonas p V i d o  r2 of 

. For a l l  f o u r  Hontgonsry 6-hourlg Eoundings, tam 1 contribtaa noat 

to t h  reduction in variance for both wind tqwd and rm=rm'r;urp &nsi%y. 

&t khoreaa tam 23 I s  ooctmd noat lqxrtcnt for wind upad ,  t&k~ 2 

(once) and 22 (thrico) have this role for nonmtm donalty. 

? for n m n t m  dcnoity are cond1t3Atly h i g b r  th?  for wlnd tpeod 

alom. Hoot of this Ciifformcs arisos In the conatant and Slnaar terns, 

for which 9 i a  betman 75 and 86 S: for nomon- cbnaity, but only 

Valuos of 

law,.  mlirad In Sacti03 3, and roqulms further study. 

The extent t o  which these resul ts  depnd  on tha particular b i g h t  

into& chomn elm roquiros additional invastigation. l 'b ~ t r m g e e t  

wind s p e d 9  i n  all tho  aoundin,aa are near ths middle of tka  2-to-26 la 

In te rva l  atudied, which may expldn the c o m l ~ ~ ~ ~ ~ ~ ~  of tom 1 

88 ccjntributlng significantly to the re lat ive  reduction i n  variollce. 

I *  

. 
* .  
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These and other  cmaidorotions indicate that th3 nost  fruitful 

application of Prupented Fourior polpozrials t o  wind profL1.a descfip- 

t ion  nay be their urn to dsczribo the p o i t i o n  hodopraph, os obtdocd 

d irec t ly  from a balloon or  other  ln&cator, end tha subsoqumt diffor- 

condchrabls inprovcznt over t h  prooont ~ 3 t h o d  ozploying trucwoolve 

finite differoncoo, Band nay give ercabr dG-1 of the wind p r o f i l s  

and of i t a  ddvntlva,  tb wind sheax. 

Otbr topica for further atudy a m  statfistical t c s t a  for t b  dd- 

l d t y  or diffsmnces of two vlnd profi lea,  loading to cfitaria for thdr 

wablnetlon. 

Cap CanaParal sufficiently a L n i l n r  that  a combined wintor p m f i l o . & 8 -  

For exempls, are January n d  Fobrumy wind p,..ofilce o n r  

cr ibs  t b m  a&quat.el$ Ala0 raqulrlng otudy a m  pmceduroe f o r  p- 

a c t i n g  one IjrOfilo f rm mother, as in the c8oa of the 6-haurI-y cowd- 

- inge over ~ontg&sry.  

Ileapits the w a d  for the= d m a  &nsiom of tho otudy, and , 

furtbar elaboration of t b  tochnlquo, t h a  rork mpor"tod ham ohova that 
. mathnatlcal d e ~ c r l p t b n  of en eatim wind profile, oi-bher M a 8  or 
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the basic dntcj thrt I s ,  &?y Unaar tmnd with hoi,oht ham ~ J C X I  movsd.  

For each value of h 
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